
1 

 

Progressive Collapse of Spacial Trusses 
 

Catarina Miranda Oliveira 

 

Instituto Superior Técnico 

May 2017 

Abstract 

Due to the large degree of static indeterminacy of a space truss, when this type of structure loses one element, the 

remaining structure still has high capacity of force redistribution. Thus, to better undestand this capacity, it is important to 

study the progressive collapse in this type of structures, in order to avoid its total collapse and minimize the damages in 

case of parcial collapse. This thesis, then focuses its study on the progressive collapse of trusses, through the Alternative 

Loadpath Method and using a nonlinear analysis of the structure. 

The nonlinear analysis considers the elasto-plastic behaviour of the structure elements - isolated hinged bars. This 

behaviour, is determined according to the mid-span cross-section stresses, adopting a model formed by two rigid bars with 

equal length and connected by a deformable cell located at mid-span. This cell has the behaviour of the most stressed 

section of the bar (being then taken as representative). This cross-section behaviour is described by the axial force, 𝑁, 

bending moment, 𝑀, and deformations of the bar: extension, 𝑒, and rotation, 𝜃. The evolution of these deformations is 

controled, through the consideration of a yield surface defined in the stress results space (using a yield function, 𝑓). 

The study of the progressive collapse uses the Alternative Loadpath Method, in which a nonlinear analysis of the truss are 

preformed after individual extraction of a key element. 

 

Keywords: space truss, progressive collapse, Alternative Loadpath Method, geometrical nonlinear analysis, buckling, 

plasticity. 

 

1 Introduction 

The aim of this thesis (Oliveira 2017) focuses mainly on the 

analysis of progressive collapse in space trusses. In this 

regard, it was necessary to preform a nonlinear analysis of 

the structure. The elements (isolated bars with pinned 

connections) and the cross sections are analyzed with 

elasto-plastic behaviour. The cross sections are subjected 

to the interaction between axial force and bending moment. 

Therefore, the nonlinear global behaviour of the structure 

will be taken into consideration, including the nonlinear 

contributions of the elements. 

In the evaluation of the progressive collapse, the Alternative 

Loadpath Method is studied, which analyzes the structure 

by the extraction of an element at a time. All analysis were 

studied from the same starting configuration and initial 

properties. 

2 Cross-section behaviour 

The cross section is subjected to both a axial force, 𝑁, and 

a bending moment, 𝑀. Then, the incremental formulation is 

writen in the stress results space. The yield contour that 

characterizes the 𝑀 − 𝑁 interaction is defined as the locus 

that corresponds to the total plastification of the cross 

section. The yield function, 𝑓, is zero on the yield contour, 

negative in the elastic region, never being positive. For 

stress results on the yield contour, it is possible to have 

plastic flow that follows an associated flow rule, namely, the 

plastic deformations are proportional to the normal to the 

yield contour. 

The incremental formulation uses a return algorithm that 

initially assumes, in a given increment, that the cross-

section behaviour remains elastic. Afterward, the 

corresponding yield function, 𝑓𝑇𝑅𝐼𝐴𝐿, is calculated. In the 

case of a positive 𝑓𝑇𝑅𝐼𝐴𝐿 value, the plastic flow is 

determined, allowing the return to the yield contour. 

2.1 Yield function 

The yield function, 𝑓, based on the interaction diagram 

between axial force and bending moment, takes the 

rectangular section as representative, (Corrêa 2015), and 

can be expressed as: 

 𝑓 = (
𝑁

𝑁𝑝𝑙

)

2

+ (
𝑀

𝑀𝑝𝑙

) sgn(𝑀) − 1 ≤ 0 (2.1) 

where the axial force and the bending moment in the mid-

span cross section are given by: 

 𝑁 = 𝐾𝑁 (𝑒 − 𝑒𝑃) (2.2) 

 𝑀 = 𝐾𝑀 (𝜃 − 𝜃𝑃) (2.3) 

In these equations, 𝑒 and 𝜃 are the extension and rotation, 

respectively; and the plastic values are obtained by 𝑁𝑝𝑙 =

𝐴 𝑓𝑦 and 𝑀𝑝𝑙 = 𝑊𝑝𝑙  𝑓𝑦, where 𝐴 represents the cross-

section area, 𝑓𝑦, the yield stress of the material and 𝑊𝑝𝑙, the 

plastic module of the cross section, depending on its 

geometry. 
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Equations (2.2) and (2.3) can also be expressed in the 

vectorial form as: 

 �⃗� = 𝐾𝑒 (�⃗� − �⃗�𝑃) (2.4) 

where, �⃗� represents the stress results vector, 𝐾𝑒, the elastic 

stiffness matrix, �⃗�, the total deformations vector and �⃗�𝑃, the 

plastic deformations vector, given by: 

 �⃗� = [
𝑁
𝑀

] 𝐾𝑒 = [
𝐾𝑁 0
0 𝐾𝑀

] (2.5) 

 �⃗� = [
𝑒
𝜃
] �⃗�𝑃 = [

𝑒𝑃

𝜃𝑃
] (2.6) 

2.2 Return algotithm (cross-section) 

The return algorithm, at the level of the cross section, is 

achieved through the yield function 𝑓𝑇𝑅𝐼𝐴𝐿, parallel to the 

yield contour: 

 𝑓𝑇𝑅𝐼𝐴𝐿 = (
𝑁𝑇𝑅𝐼𝐴𝐿

𝑁𝑝𝑙

)

2

+ |
𝑀𝑇𝑅𝐼𝐴𝐿

𝑀𝑝𝑙

| − 1 (2.7) 

Assuming, initially, no plastic flow, the stress resultants are 

given by �⃗�𝑇𝑅𝐼𝐴𝐿 = 𝐾𝑒( �⃗� − �⃗�𝑃
0), where  �⃗� is the vector of 

total imposed deformations and �⃗�𝑃
0 the vector of the plastic 

deformations at the beginning of the increment. 

 

If 𝑓𝑇𝑅𝐼𝐴𝐿 < 0, the flow is null, therefore  �⃗�𝑇𝑅𝐼𝐴𝐿 corresponds 

to the �⃗�. Otherwise, many situations can occur, Figure 2.1. 

In these different situations, the stress resultants vector is 

brought back to the yield contour, by considering 

associated plastic flow. Therefore, the plastic deformations 

vector is given by: 

 ∆�⃗�𝑃 = [
∆𝑒𝑃

∆𝜃𝑃
] = ∆𝜆 �⃗⃗� (2.8) 

where �⃗⃗� is the outward-pointing normal of the yield function, 

expressed by: 

 �⃗⃗� =
𝜕𝑓

𝜕�⃗⃗⃗�
=

[
 
 
 
 

2𝑁

𝑁𝑝𝑙
2

sgn(𝑀)

𝑀𝑝𝑙 ]
 
 
 
 

 (2.9) 

 
Figure 2.1. Schematic representation of yield contour and the areas 

with projection of the plastic flow. 

If 𝑓𝑇𝑅𝐼𝐴𝐿 > 0, the area outside the yield contour, it is 

necessary to find the incremental plastic multiplier, ∆𝜆, that 

allows the return to the yield contour. Taking advantage of 

the fact that the interaction contour is quadratic, it is 

possible to determine ∆𝜆 analytically. 

2.3 Tangent matrix 

For the incorporation of this return algorithm in the analysis 

of a structure, it is fundamental to obtain the tangent 

stiffness matrix 
𝜕�⃗⃗�

𝜕�⃗⃗�
 representing the linearization of the 

algorithm. 

Therefore, using equations (2.8) and (2.9), the stress 

resultants in the cross-section are determined by: 

 �⃗� = 𝐾𝑒 (�⃗� − �⃗�𝑃) = 𝐾𝑒  (�⃗� − ∆𝜆
𝜕𝑓

𝜕�⃗�
) (2.10) 

If the section remains elastic, the plastic multiplier is null 

and the stiffness matrix of the cross-section is simply given 

by: 

 
𝜕�⃗�

𝜕�⃗�
= 𝐾

𝑒
 (2.11) 

However, for cross-sections under plastic flow, the �⃗� 

variation is: 

 𝑑�⃗� = 𝑄 −1𝐾𝑒  ( 𝑑�⃗� −  𝑑∆𝜆 
𝜕𝑓

𝜕�⃗�
) (2.12) 

with, 

 𝑄 = 1 + ∆𝜆 𝐾𝑒 𝐻  (2.13) 

where 𝐻 is the Hessian matrix, which groups the 𝑓 second 

derivatives, and is given by: 

 𝐻 =
𝜕2𝑓

𝜕�⃗�𝜕�⃗�
= [

2

𝑁𝑝𝑙
2 0

0 0

] (2.14) 

As a result, the tangent stiffness matrix is given by: 

 

𝐾𝑡 =
𝜕�⃗�

𝜕�⃗�
= [

𝑑𝑁

𝑑𝑒

𝑑𝑁

𝑑𝜃
𝑑𝑀

𝑑𝑒

𝑑𝑀

𝑑𝜃

] ⇔ 

⇔ 𝐾𝑡 = 𝑄 −1𝐾𝑒 −
𝑄 −1𝐾𝑒  

𝜕𝑓

𝜕�⃗�
 
𝜕𝑓

𝜕�⃗�

𝑇

𝑄 −1𝐾𝑒

𝜕𝑓

𝜕�⃗�

𝑇

𝑄 −1𝐾𝑒
𝜕𝑓

𝜕�⃗�

 

(2.15) 

3 Element behaviour 

In this section, we present the formulation that allows to 

describe, in a simplified way, the elasto-plastic behavior of 

isolated truss members, based on the behaviour of their 

mid-span section. 

3.1 Element model 

The adopted element’s model consists in two rigid bars with 

length 𝑙0 2⁄ , connected by one deformable cell located in 

mid-span of the bar. The deformable cell translates the 

behaviour of the most stressed section (section 2). 
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a) 

 
b) 

Figure 3.1. Schematic representation of element model. a) Initial 
configuration. b) Deformed configuration. 

 

For the model definition, the geometric parameters are 

determined by trigonometry and, in the initial situation, is 

acceptable to admit the small displacements hypothesis, 

because the angle 𝜃0 is a small angle. However, in a 

deformed configuration, the angle can be relevant and 

makes sense to consider a second order aproximation. So, 

the geometric parameters are given by: 

  𝑦0 = 
 𝑙0 𝜃0

4
 𝑑 =

𝑙0 𝜃

4
 (3.1) 

 𝑥0 =
𝑙0
2

 𝑥 =
𝑙0
2

(1 −
𝜃2

8
) (3.2) 

In the determination of the distance 𝑥, one admits that 𝜃0 is 

small enough to take 𝑥0 ≈
𝑙0

2
, so that the initial length of the 

real bar is equal to the sum of the lengths of the two rigid 

bars of the model. The variation of the element length, in 

the deformed configuration, is determined by: 

 ∆𝐿 = 𝑒 −
𝑙0 𝜃

2

8
 (3.3) 

3.2 Calibration of elastic constants 

For the calibration of the elastic constants, a bar under an 

axial force (elastic) is used for the determination of 𝐾𝑁, and 

bucklig of a member is use to determine 𝐾𝑀. 

 𝐾𝑁 =
𝐸𝐴

𝑙0
 (3.4) 

 𝐾𝑀 =
𝜋2𝐸𝐼

4 𝑙0
 (3.5) 

It should be noted that, with these values, both the bar axial 

stiffness and Euler’s critical load, 𝑃𝑐𝑟 =
𝜋2𝐸𝐼

𝑙0
2 , are perfectly 

reproduced in the model. 

3.3 Master element equations 

The cell located in the mid-span of the bar is subject to axial 

force and bending moment. For that reason, this cell suffers 

an extension, 𝑒, and a rotation, 𝜃. Each of these 

deformations can have both an elastic and plastic 

component, whose evolution is governed by the cross-

section model, presented before. Those two variables, 𝑒, 

and 𝜃, are clearly related with variation of the bar length. On 

the other hand, these two variables are also crucial to 

establish the equilibrium. The equations that govern the bar 

behaviour can be materialized in two residuals, one 

associated with the length of the element, 𝑅1, and another 

associated to the equilibrium on the section of mid-span, 

𝑅2. 

𝑅1 comes from the aproximation between the bar length, 

determinated by the nodal displacements (defined in 

section 4), and the variation of the length of the element, 

defined by the deformation of the cell, equation (3.3): 

 𝑅1 = ∆𝐿 (𝑒, 𝜃) − ∆𝐿 = 0 (3.6) 

𝑅2 results from the equilibrium of moments in the mid-span 

section, taking into account that 𝑁 = −𝑃 and 𝑑 =
𝑙0 𝜃

4
: 

 𝑅2 = 𝑀(𝑒, 𝜃) + 𝑁(𝑒, 𝜃)  (
𝑙0 𝜃

4
+ 𝑦

0
) = 0 (3.7) 

Thus, the vectorial form of the residual can be expressed 

as: 

 �⃗⃗� = [
𝑅1

𝑅2
] =

[
 
 
 
 (𝑒 −

𝑙0 𝜃
2

8
) − ∆𝐿

1

𝐵
[𝑀 + 𝑁 (

𝑙0 𝜃 

4
+ 𝑦0)]]

 
 
 
 

 (3.8) 

where B corresponds to a scale factor that allows both 𝑅1 

and 𝑅2 residuals to have the same order of magnitude. 

3.4 Local algorithm (element) 

We now address the algorithm to determine the evolution 

of the deformations, 𝑒 and 𝜃, according to the imposed ∆𝐿, 

and the consequent variation of the axial force. The 

Newton-Raphson method was used, where the residual, as 

a function of the variation of the deformations of the bar, will 

tend towards zero, (3.9): 

 �⃗⃗� =   �⃗⃗�0 + 
𝑑�⃗⃗�

𝑑�⃗�
 𝑑�⃗�  ≈  0⃗⃗ (3.9) 

After converging, the implementation of the model allows to 

obtain the axial force transmitted by the element according 

to the variation history of the bar length. The variation of the 

axial force depends on the element length variation by the 

following equation: 

 
𝑑𝑁

𝑑∆𝐿
= −

𝑑𝑁

𝑑�⃗�

 𝑇 𝑑�⃗⃗�

𝑑�⃗�

  −1
𝑑�⃗⃗�

𝑑∆𝐿
 (3.10) 

4 Structure analysis 

This section considers the behaviour of space trusses. It is 

assumed that these structures are composed by hinged 

elements and that the loads act exclusively on the nodes. 

The individual behaviour of the structure elements was 

analised in the previous section; in the current one, the 

whole structure will be taken into consideration. In addition, 

besides the non-linearity evidenced by each element, the 

global non-linear behaviour is also considered. 
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The formulation includes three types of equations: 

kinematic, equilibrium and constitutive. 

4.1 Kinematic 

Regarding kinematics, the element bar is taken as a linear 

deformable body, with an initial generic position (element 

𝐴0𝐵0) and a deformed configuration (element 𝐴𝐵). 

 

 

Figure 4.1. Schematic representation of element bar, based on the 
kinematic conditions. 

 

The length vector of the bar after deformation is given by: 

 𝑙 = 𝑙0 + (�⃗⃗�𝐵 − �⃗⃗�𝐴) (4.1) 

where 𝑙0 and 𝑙 are vector lengths of the bar, in the initial and 

deformed configurations, respectively, and �⃗⃗�𝐴 and �⃗⃗�𝐵, the 

displacements vectors of A and B, respectively. 

The infinitesimal variation of this dimension is given by: 

 𝑑𝑙 = 𝑑�⃗⃗�𝐵 − 𝑑�⃗⃗�𝐴 = [−𝐼3 𝐼3] [
𝑑�⃗⃗�𝐴

𝑑�⃗⃗�𝐵] (4.2) 

where 𝐼3 represents the identity matrix 3×3. 

The variation of bar length is given by the difference 

between the norms of 𝑙 and 𝑙0. 

 ∆𝐿 = |𝑙| − |𝑙0| (4.3) 

4.2 Equilibrium 

The element equilibrium is guaranteed by the consideration 

of internal forces resulting from the axial force developed in 

the element. Since no loads are applied in the members 

span, the internal forces on the nodes will be equal in value 

but of opposite sign, and are given by: 

 𝑓𝑖𝑛𝑡 = 𝑁
𝑙

𝑙
 (4.4) 

where 𝑁 is the axial force and 
𝑙

𝑙
 is the versor of 𝑙. 

The element end forces, 𝑓(𝑒), are grouped in: 

 𝑓(𝑒) = [
𝑓𝐴

𝑓𝐵
] = [

−𝑓𝑖𝑛𝑡

𝑓𝑖𝑛𝑡

] = [
−𝐼3
𝐼3

] [𝑓𝑖𝑛𝑡] (4.5) 

 

When there are displacements variations of the nodal 

points, the vector of internal forces is affected, resulting in 

a variation given by: 

 [
𝑑𝑓𝐴

𝑑𝑓𝐵
] =

[
 
 
 
 𝑑𝑓𝑖𝑛𝑡

𝑑𝑙
−

𝑑𝑓𝑖𝑛𝑡

𝑑𝑙

−
𝑑𝑓𝑖𝑛𝑡

𝑑𝑙

𝑑𝑓𝑖𝑛𝑡

𝑑𝑙 ]
 
 
 
 

 [
𝑑�⃗⃗�𝐴

𝑑�⃗⃗�𝐵,
] (4.6) 

where 
𝑑𝑓𝑖𝑛𝑡

𝑑𝑙
 will depend on the constitutive relations, as 

displayed forward, equation (4.10); or, 

 𝑑𝑓(𝑒) = 𝑘(𝑒)𝑑�⃗⃗�(𝑒) (4.7) 

One needs to assemble all element contributions in the 

global force vector and global stiffness matrix. 

By equilibrium: 

 �⃗� = �⃗�𝑖𝑛𝑡 − �⃗�𝑒𝑥𝑡 = 0⃗⃗ (4.8) 

where �⃗�𝑒𝑥𝑡 is one vector that join the loads applicated in 

nodes: 

 �⃗�𝑒𝑥𝑡 = 𝑃 �⃗⃗� (4.9) 

where 𝑃 is the load parameter and �⃗⃗� is the vector with the 

loading pattern of the structure. 

The linearization of the equation (4.4) reveals that the 

variation of the element internal force, according to the 

element vector length variation, can be written by the next 

expression: 

 
𝑑𝑓𝑖𝑛𝑡

𝑑𝑙
= [

𝑑𝑁

𝑑∆𝐿
 
(𝑙⨂𝑙)

𝑙2
+ 𝑁 (

𝐼3

𝑙
−

(𝑙⨂𝑙)

𝑙3
)] (4.10) 

 

4.3 Calculation method of the equilibrium path 

Since the he fact that internal forces are dependent of the 

displacement increment, �⃗�𝑖𝑛𝑡(𝑑), and the external forces 

are dependent of the load parameter, �⃗�𝑒𝑥𝑡(𝑃), it becomes 

advantageous to use simultaneously an incremental and 

iterative method, in order to get a quick converged solution 

as close as possible to the exact solution of the system. 

The iterative method or the Newton-Raphson method is 

used, considering a residual function, �⃗⃗�, which converge to 

zero and is given by: 

 �⃗⃗� = �⃗�𝑖𝑛𝑡(𝑑) − �⃗�𝑒𝑥𝑡(𝑃) = 0⃗⃗ (4.11) 

The residual variation vector in a discrete increment of the 

main variables (neglecting the higher order terms) is: 

 ∆�⃗⃗� = 𝐾 ∆𝑑 − ∆𝑃 �⃗⃗� (4.12) 

where 𝐾 is the global stiffness matrix of the structure, ∆𝑑 is 

the vectorial variation of the structure displacements and ∆𝑃 

is the load variation value. 
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At the beginning of each increment �⃗⃗� = 0⃗⃗, value that is 

intended to be kept the same, so ∆�⃗⃗� = 0⃗⃗. This, resultes in 

a finite variation of nodal displacements. An increment 

∆𝑑𝑖𝑚𝑝 will be imposed to a specific nodal displacement 

allowing to obtain the variation of the load parameter. 

 ∆ 𝑑 = ∆𝑃𝐾−1 �⃗⃗� ∆𝑃 =
∆𝑑𝑖𝑚𝑝

 �⃗⃗⃗� . 𝐾−1 �⃗⃗�
 (4.13) 

where  D⃗⃗⃗ is a vector identifying the control nodal 

displacement. 

Analogously, in the iterative process, one intends to 

improve the displacement values, to obtain �⃗⃗� + ∆�⃗⃗� = 0⃗⃗, 

keeping the value of the imposed displacement. From 

∆𝑑𝑖𝑚𝑝 =  D⃗⃗⃗  .  ∆ �⃗⃗� = 0 one is led to: 

 ∆ 𝑑 = −𝐾−1�⃗⃗� + ∆𝑃𝐾−1 �⃗⃗� ∆𝑃 =
�⃗⃗⃗� .  𝐾−1�⃗⃗�

 �⃗⃗⃗� .  𝐾−1 �⃗⃗�
 (4.14) 

In the new iteration, 𝑑𝑛𝑒𝑤 = 𝑑 + ∆𝑑 and 𝑃𝑛𝑒𝑤 = 𝑃 + ∆𝑃. 

5 Case studies 

5.1 Plane truss – Miyachi model 

5.1.1 Structure model: geometry and loading 

The plane truss in study is based on a truss bridge model, 

composed by three continuous spans with a total length of 

230 m and a 10 m heigth. The center span has 115 m (10 

@ 11.50 m) and the side span have 57.50 m (5 @ 11.50m). 

The geometry of the structure is represented in the 

following figure. 

 

Figure 5.1. Schematic representation of geometry of plane truss, 
adapted from (Miyachi, Manda et al. 2012). 

 

Next figure shows the used nomenclature for better 

identification of the different section types of the structure 

elements. 

 

Figure 5.2. Schematic representation of the nomenclature used for the 
identification of the type of section for each bar of the structure. 

 

In cases I and II, two sections are considered for the upper 

chords (U1 and U2, being the U3 section equal to U2) and, 

in case III, are considered three different sections of the 

upper chord (U1, U2 and U3). All the adopted sections are 

square hollow sections. Two steel grades are employed: 

SS400 and SM490Y, with yield stress of 245 MPa and 365 

MPa, respectively. The properties are presented in the next 

table. 

 

Table 5.1. Properties of cross section, cases I and II (Miyachi). 

 CASES I AND II 

 Width Height 
Flange 

thickness 
Web 

thickness 
Yield 

stress 
Modulus of 
elasticity 

 B [mm] H [mm] tf [mm] tw [mm] fy [MPa] E [GPa] 

U1 500 500 10,0 10,0 245 210 

U2=U3 500 500 15,0 15,0 365 210 

L1 500 500 10,0 10,0 245 210 

L2 500 500 20,0 20,0 365 210 

L3 500 500 15,0 15,0 365 210 

D 450 450 22,5 22,5 245 210 
 

Table 5.2. Properties of cross section, case III (Miyachi). 

 CASE III 

 Width Height 
Flange 

thickness 
Web 

thickness 
Yield 

stress 
Modulus of 
elasticity 

 B [mm] H [mm] tf [mm] tw [mm] fy [MPa] E [GPa] 

U1 500 500 10 10 245 210 

U2 500 500 15 15 365 210 

U3 500 500 25 25 365 210 

L1 500 500 10,0 10,0 245 210 

L2 500 500 20,0 20,0 365 210 

L3 500 500 15,0 15,0 365 210 

D 450 450 22,5 22,5 245 210 

 

The loads are always applied in the lower chord. In the 

nodes where the vertical displacement is allowed, a 

concentrated load of 𝑃1 = 276 kN node⁄  is apllied. 

Furthermore, it is also applied a live load, of 

𝑃2 = 300 kN node⁄ ,  in two nodes of the structure which 

represents the action of a vehicle. In cases I and III, 𝑃2 is 

apllied to the nodes 8 and 9, and in case II, to the nodes 10 

and 11, with the purpose of obtaining different collapse 

mechanisms. 

 

Figure 5.3. Schematic representation of the part of the structure with 
the loads applied. 

 

5.1.2 Results 

Before presenting the results, the differences between the 

three analysed cases in the thesis will be resumed (Table 

3). (Oliveira 2017) 

 

Table 3. Summary board with the differences between the study cases 
– Miyachi. 

CASE CROSS SECTIONS 
ADDITIONAL 

LOAD (P2) 

IMPOSED / 
CONTROLED 

DISPLACEMENT 

MAXIMUM 
IMPOSED 

DISPLACEMENT 

I 
Upper chords U3→U2 

Original brace 
Nodes 8 

and 9 
Node 27 

z direction 
3 m 

II 
Upper chords U3→U2 

Original brace 
Nodes 10 

and 11 

Node 31 – Node 32 
y direction 

(relative control) 
1 m 

III 
Original upper chord U3 

“reforced” brace 
Nodes 8 

and 9 
Node 11 

z direction 
3 m 
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This paper only presents the results of cases I and III, since 

they share the same loading, thus enabling a comparison 

between the equilibrium paths of both cases. A more 

detailed representation of these paths will also be shown. 

In addition, for each case at the end of the incremental test, 

the structure deformed configuration is presented. 

Case I 

In the next figure is represented the equilibrium path of case 

I, where the peak load is observed, when diagonal 50 

buckles. 

 

a) 

 

b) 

Figure 5.4. Representation of the equilibrium path (case I – Miyachi). 
a) Total. b) Detail. 

 

In the figure below, it can be observed the buckling of 

diagonal 50 and the geometric nonlinear behaviour of the 

structure. 

 

Figure 5.5. Structure deformed configuration (case I – Miyachi). 

 

Case III 

In this case, and after observation of the Figure 5.6, the 

equilibrium path reflects a ductile collapse. 

 

a) 

 

Figure 5.6. Representation of the equilibrium path (case III – Miyachi). 
a) Total. b) Detail. 

 

The deformation in the structure can be noted in Figure 5.7. 

 

Figure 5.7. Structure deformed configuration (case III – Miyachi). 

 

Comparation of the equilibrium paths of cases I and III 

The comparasion of the equilibrium paths of cases I and III 

is presented, allthough they have diferents sections 

properties, they present the same applied load. 

 

Figure 5.8. Chart of comparation of equilibrium path between the 
cases I and III (Miyachi). 
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Simple changes in the sections properties could lead to a 

good design of the structure, resulting in a very ductile 

equilibrium path. The changes made, allow to obtain, in the 

upper chords in mid-span, a higher elastic buckling axial 

force than the plastic axial force in the lower chords, also at 

half span. This difference results in the plastification of the 

elements instead of buckling. Is noted, as well, that in the 

initial stage, the elastic behaviour is quite similar between 

both cases. 

5.2 Spatial truss – Souza and Gonçalves model 

The study case was based on the experimental model 

analysed by Souza and Gonçalves, (Souza and Gonçalves 

2006) and (Souza and Gonçalves 2005). 

5.2.1 Structure model: geometry and loading 

The spatial truss is a structure with 1.5 m height, spans of 

7.5 m × 15.0 m and modules of 2.5 m × 2.5 m spans. The 

supporting conditions are different in the two cases 

analysed: in case I, the structure has four fixed supports in 

the lower corners and in case II, all the contour nodes are 

fixed supports. The geometry of the structure is presented 

in the next figures. 

 

 

a) 

 

b) 

 

c) 

Figure 5.9. Schematic representation of the structure geometry, 
adapted from (Souza and Gonçalves 2005). a) Plan xOy. b) Plan xOz. 

c) Plan yOz. 

 

About the sections properties, the lower and the upper 

chords have the same section. The diagonals are all equal, 

with exception of the corner ones, which have a more 

resistant section. The properties of the sections are 

presented in the next table. 

 

 

Table 4. Properties of the cross-sectin (Souza model). 

 
 

Diameter Thickness Yield stress 
Modulus of 
elasticity 

  ɸ [mm] t [mm] fy [MPa] E [GPa] 

C ɸ 76 × 2,0 76,00 2,00 290 205 

D ɸ 60 × 2,0 60,00 2,00 290 205 

DR ɸ 88 × 2,65 88,00 2,65 290 205 

 

A load of 0.1 P is applied to each of the inner nodes at the 

bottom layer. These values means the total load applied in 

all the 10 nodes is P. In the following figures, the loading is 

shown: 

 

a) 

  

b) 

Figure 5.10. Schematic representation of the applied loads in the 
structure, adapted from (Souza and Gonçalves 2005). a) Plane xOz. b) 

Plane yOz. 

 

5.2.2 Results 

For each case analysed, is imposed a maximum 

displacement of 0.25 m, in the node 17 (z direction). The 

most relevant trajectories are presented for each case. 

Case I 

The following case is similar to the case of the experimental 

structure tested by Souza and Gonçalves. The equilibrium 

path is presented in the next figure. 

 

a) 
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b) 

Figure 5.11. Representation of the equilibrium path (case I – Sousa). 
a) Total. b) Detail. 

 

After the observation of the figure below, the colapse of the 

structure occurred with the buckling of the bar 27 at half-

span of the upper chord. 

Figure 5.12 displays both the computed equilibrium path 

and one observed by Souza and Gonçalves in the 

experimental test (Souza and Gonçalves 2006). 

 

Figure 5.12. Representation of the equilibrium path – comparation 
between the MATLAB output and the experimental test of (Souza and 

Gonçalves 2006). 

 

The peak load in the two trajectories is the same, but, the 

displacement corresponding to value of load parameter, is 

slightly different. The justifications for this difference could 

be in the behaviour admitted in the formulation, by being 

based on an elastic perfectly-plastic behavior, and perfectly 

connected joints, which do not correspond to the structure 

of the experimental test by Souza and Gonçalves, where 

bars have flattened ends. 

Figure 5.13 shows the interaction diagram of the 

representative cross section of the elements. 

 

Figure 5.13. Representation of the interaction diagram M/Mpl – N/Npl 
(case I - Souza). 

 

In the figure above, it can be observed the total plasticity of 

the bar 6 (lower chord near the fixed support), as opposed 

to the bar 5. But, the interesting aspect is the buckling of the 

upper chords 27 and 32. Although these bars are 

symmetrical, the bar 37 does not reach the yield curve. This 

is because the buckled configuration of the symmetric 

structure may not be symmetrical (different from linear 

analysis). The lack of uniqueness of the solution is 

accentuated by the consideration of plastic cross-sections 

giving rise to localization phenomena. These effects are 

physical and are reflected in the nonlinear incremental / 

iterative analysis. 

Case II 

In this case, as the structure is much more hyperstatic, 

buckling and plastifications can be verified in many more 

elements. The equilibrium path of the case II is presented 

in the next figure. 

 

Figure 5.14. Representation of the equilibrium path (case II – Souza). 

 

The following figures represent the ∆𝑙 −  𝑁 paths of 

selected bars. 
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a) 

 

b) 

Figure 5.15. Representation of the equilibrium paths (case II - Souza). 
a) Lower chords 7, 10, 12 e 52. b) Upper chords 28,32 e 33. 

 

In the figures presented above, one observes the 

plastifications of bars 10 and 52 with elastic unloading. In 

bars 7 and 12, where occurs buckling, it is possible to 

observe also elastic unloading, but bar 7 also experiences 

reloading before going back to buckling state and where will 

occur a new unloading. The buckling keeps up with the load 

decrease. In the Figure 5.15. b), the upper chords also 

suffer buckling with unloadings. 

6 Progressive collapse 

This section presents the definition of progressive colapse 

and a brief exposion of the method studied in this thesis: 

Alternative Loadpath Method. The plane truss analysed in 

subsection 5.1 is the one used to apply the method. 

 

6.1 Progressive collapse and Alternative 
Loadpath Method 

Progressive colapse is considered as a way of rupture of 

the structure, dynamically. This collapse starts with a local 

damage of the structure, causing a deficiency in the 

structural behaviour of an element and, consequently, an 

imbalance between the external and internal loads of the 

system. This divergence appears because besides the lack 

of continuity, the structure doesn’t have the necessary 

ductility to rebalance loads in the system, (Ellingwood 

1977). Thus, there is an imbalance in the structure until it 

reaches a new position of equilibrium, or even leads to 

achieve total or partial collapse of the structure, (Cai, Xu et 

al. 2012). 

The method analysed in the present study is the Alternative 

Loadpath Analysis. Theoretically, the structure is analysed 

with the design load and one evaluates if the force 

redistributions are supported by the structure, when some 

element is removed (Murtha-Smith 1988). In the case study 

presented a comparison between the equilibrium path of 

the structure with all bars and the equilibrium path of the 

structure with removal of some individuals elements is 

made. 

6.2 Case study 

The application of the previous method is made with the 

removal of five elements of case III (Miyachi model), studied 

in subsection 5.1. 

The choice of elements to extract is based on the elements 

which suffer buckling or plastifications in the nonlinear 

analysis already made. Apart from that, both bars 6 and 50 

were chosen because are members near to the fixed 

support. 

The analysis considers a maximum imposed displacement 

of 0.8 m, in node 11 (z direction). In some cases, is 

necessary to take into account the relative control of 

diplacements. 

 

The next figure presents the equiibrium paths of the 

differents cases analysed. 

 

Figure 6.1. Representation of the equilibrium paths of the differents 
cases of extraction of bars analised. 

 

Figure 6.1 allows to observe the equilibrium path of the 

initial structure, without the extraction of any bar. A very 

ductile trajectory is noted, with the plastifications of 

elements of the structure for load parameters of the order 

of almost 4.5. The same behaviour is noted for a structure 

without bar 10, but the maximum load is about half of that 

value. That behaviour is completely different in other 
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trajectories, because when any of the other bars of the 

structure is removed, the collapse occurs for a maximum 

load, followed by an immediate decrease in the load 

parameter. However, different values are observed for the 

maximum loads. The most relevant case is the extraction of 

the bar 50, a brace near the support, where a load 

parameter of 0.75 is enough to cause the collapse of the 

structure, revealing the significant importance of the 

diagonals. 

7 Conclusions 

A formulation to study the nonlinear behaviour of space 

trusses was developped hat accounts for cross-section 

yielding, member buckling and geometrical nonlinear global 

effects. 

In the equilibrium path obtained case studies, it is possible 

to observe ductile behaviours (with full yielding of cross-

sections) and paths with brittle collapse (with buckling in 

compression bars). In one of the analysed cases, case III 

of the Miyachi model, it is possible to conclude that, just with 

some minor changes of the cross-section properties, an 

upgraded response capacity of the structure is reached, 

providing more ductility and reflecting a good conception of 

the structure. 

To be able of better understanding the structure behaviour 

visualization procedures were implemented. Thus, it was 

possible to observe in the d - N and ∆l – d paths, the 

plateaus of plastification in tensile force, buckling due to 

compression, the occurence of loading, unloading and 

reloading of the structure elements. This notable 

occurrences reflect the good performance of the developed 

model, which also can be relevant in ploblems that envolve 

oscillations phenomena, such as, the response to the 

seismic activity. 

With respect to the analysis of progressive collapse in 

space trusses, and based on the case study analyzed, the 

extraction of an element on the structure is very important 

in its performance. A significant reduction of the maximum 

load parameter is observed, resulting, in most of cases, in 

equilibrium paths that, when reaching the peak load, suffer 

sudden drops of load, which means that the structure does 

not have ductility enough to redistribute the loads by 

alternative load paths. The case where is observed the 

higher probability of collapse, due to the bar extraction, 

occurred with the removal of one of the structure diagonals, 

which reflects the importance of these elements. 

Although the formulation has given good results in terms of 

applied displacement, it is necessary to know beforehand 

in which one of the structure nodes the displacement should 

be controled, since, in some of the analyzed cases, the 

inversion of the displacement value was verified, inhibiting 

the convergence of the algorithm. To solve this issue, a new 

analysis of the structure was made, choosing a node where 

the displacement increases throughout all the equilibrium 

path. 

It has also been noted that, in certain cases, one needs to 

impose a relative control of the displacement instead of an 

imposed displacement on a specific node. That appeared 

as a solution to the difficulty of determinating in which of the 

nodes the displacement actually increased continuously. 

The choice of the bar where the relative control would be 

made between its two nodes, is based on the observation 

of the first bar suffering buckling. 
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